We consider a lattice version of the Bisognano-Wichmann (BW) modular Hamiltonian as an ansatz for the bipartite entanglement Hamiltonian of the quantum critical chains. Using numerically unbiased methods, we check the accuracy of the BW-ansatz by both comparing the BW Rényi entropy to the exact results, and by investigating the size scaling of the norm distance between the exact reduced density matrix and the BW one. Our study encompasses a variety of models, scanning different universality classes, including transverse field Ising, Potts and XXZ chains. We show that the Rényi entropies obtained via the BW ansatz properly describe the scaling properties predicted by conformal field theory. Remarkably, the BW Rényi entropies faithfully capture also the corrections to the conformal field theory scaling associated to the energy density operator. In addition, we show that the norm distance between the discretized BW density matrix and the exact one asymptotically goes to zero with the system size: this indicates that the BW-ansatz can be also employed to predict properties of the eigenvectors of the reduced density matrices, and is thus potentially applicable to other entanglement-related quantities such as negativity.
I. INTRODUCTION
Over the last years, bipartite Rényi entropies (REs) have become a paradigmatic quantity in the characterization of quantum many-body lattice models [1] [2] [3] . In quantum critical chains, for instance, the scaling of the bipartite Rényi entropy of the ground state is associated to the underlying conformal field theory (CFT) [4] [5] [6] describing its low energy properties. When the subsystem consists of a single, simply connected interval, the leading and the subleading scaling of the Rényi entropy with the subsystem size give access to the corresponding central charge [4] [5] [6] and the partial operator content [7] [8] [9] [10] [11] of the theory, respectively. In more than one-dimension, REs also determine universal properties of the system, e.g., number of Goldstone modes 12 in spontaneously-symmetry-broken phases, and serve as a diagnostic tool to characterize topologically ordered phases [13] [14] [15] . From a quantum information perspective, REs characterize the entanglement between a subsystem A of a pure state (here we focus on the ground states and simply connected subsystems), |ψ AB , and its complement B. In the following we consider the α−Rényi entropies, defined as:
where ρ A = Tr B |ψ AB ψ AB |; with Tr B being the trace over the complement of A. For the limiting case α = 1, one obtains the von Neumann entropy, that is, the bipartite entanglement measure for pure states. REs with α > 1 provide strict lower bounds on the entanglement between A and B. Below, we are interested in cases where it is possible to uniquely determine the logarithm of the reduced density matrix:
where the operatorH A is known as the modular Hamiltonian in the quantum field theory community [16] [17] [18] [19] [20] [21] and the entanglement Hamiltonian (EH) in the condensed matter physics one 3, 22, 23 . For pure states, the spectrum of the EH uniquely characterizes the entanglement properties of the system. The knowledge of a functional form of the EH is of tremendous importance. From the experimental side, it allows to measure the entanglement properties of a given state via direct engineering of the EH. In particular, the EH is very useful in cases where direct access to the wave function is not scalable, such as in experiments requiring full state tomography 24 . From the theoretical side, the EH allows to characterize ρ A as a thermal state, which opens up the possibility to investigate the Rényi entropy using conventional statistical mechanics techniques 25, 26 and to formulate search algorithms for parent Hamiltonians 27 . Recently, it has been proposed 24, 28 that the EH corresponding to the ground state of the lattice models whose low-energy physics is captured by a Lorentz invariant field theory can be approximated by a lattice adaptation of the Bisognano-Wichmann (BW) theorem [16] [17] [18] . As discussed in Refs. 24, 25, [27] [28] [29] [30] [31] [32] [33] , the corresponding reduced density matrix, ρ BW , although not generically exact, accurately reproduces not just the low-lying entanglement spectrum, but also properties directly related to its eigenvectors, such as correlation functions and order parameters 28 . Furthermore, the von Neumann entropy obtained from ρ BW , i.e. S BW 1 , accurately describes universal properties, such as, the central charge of one-dimensional critical models 26, 33 . In this work, we provide a systematic investigation of the accuracy of the BW Rényi entropy in the context arXiv:1906.00471v1 [cond-mat.stat-mech] 2 Jun 2019 of quantum critical chains. Our investigation focus on lattice models belonging to different universality classes, including the XXZ model, the transverse field Ising chain, and the three-state Potts model. The low-energy degrees of freedom of these models are described by a CFT that is characterized by a central charge c. The main issues we address here are the following: we investigate whether the Rényi entropy obtained from ρ BW is able to describe (i) universal, leading contributions related to the central charge, (ii) non-universal terms of S α , e.g., additive constants, and (iii) lattice-finite-size contributions of S α that are related to universal properties 8, 9, 11 . While point (iii) shall not affect the asymptotic behavior of the BW Rényi entropy, a negative answer for point (ii) can imply that S BW α is not exact even in the thermodynamic limit. We remark that since the BW-EH is based on a quantum field theory result, one expects that, while universal properties should be well captured, non-universal ones and contributions due to lattice-finite-size effects are not necessarily captured by ρ BW . Finally, (iv) we query about the accuracy of the BW reduced density matrix itself (i.e., both eigenvalue and eigenvector properties) by investigating its norm distance with the exact reduced density matrix.
We carry out a direct comparison between the exact and the BW results by combining different numerical techniques, including exact diagonalization, densitymatrix-renormalization-group (DMRG) and quantum Monte Carlo (QMC). The main conclusions drawn from our numerical analysis are the same for all models studied, and are summarized as follows: (i) the Rényi entropy obtained from the ρ BW , S BW α , converges to the exact one in the thermodynamic limit; (ii) S
BW α
properly describes not just the logarithmically-divergent CFT term, but also corrections to the CFT scaling related to universal quantities (e.g., operator content of the theory); and (iii) we observe that the Schatten distance between ρ BW and the exact reduced density matrix asymptotically goes to zero. Overall, these results point to the fact that the predictive power of the BW-EH goes well beyond what is naively expected for typical field theory expectations, thus considerably extending its applicability window.
The structure of the paper is as follows: in Sec. II, we present the theoretical background necessary to discuss our results, which includes a discussion about the lattice version of the BW-EH, and a review of the general behavior of the Rényi entropy in quantum critical chains. In Sec. III we present our comparison between the BW and the exact results of the Rényi entropy, while in Sec. IV we discuss the behavior of the norm distance between the BW and the exact reduced density matrices. Finally, in Sec. V we present our main conclusions and connect them with other related works.
II. BACKGROUND
In this section we provide some background material on the BW theorem, and its adaptation to lattice models. Further we discuss how to compute Rényi entropies from the thermodynamic properties of the EH, and the general behavior of the Rényi entropies in the quantum critical chains. Finally, we describe the quantities analyzed in the subsequent sections.
A. Bisognano-Wichmann entanglement
Hamiltonian on the lattice
In the context of relativistic quantum field theories, there are special cases in which the entanglement (modular) Hamiltonian (EH) can be expressed as an integral over the local Hamiltonian-density, H( x), with a suitable weight factor, i.e.,
where c is a constant to guarantee unit trace of the density matrix, and the speed of light has been set to unity. For example, when A corresponds to a halfbipartition of an infinite system in the vacuum (ground
16,17 . For conformal field theories (CFTs), the BW theorem can be generalized to different geometries of the partition 18, 20, [34] [35] [36] (see Fig. 1 ). The EH obtained from the discretization of the BW theorem (and its generalizations for CFT systems) has been recently explored in different lattice models 24, 27, 28, 33 . For a generic one-dimensional Hamiltonian composed simply of one-and two-body operators, i.e.,
where L T is the size of the system, Γ is a coupling (e.g., exchange term) and Θ is an on-site term (e.g., magnetic field), we define the BW-EH as
where L is the size of the subsystem, and the function λ(n) defines the geometry of the partition. For instance, for half-infinite partition, one has
which corresponds to the lattice version of the BW theorem Eq. (4). In this work, we focus on partitions with the geometries shown in the Fig. 1 . The corresponding BW-EH can be obtained for CFT systems with the appropriate choice of the couplings λ(n). For a subsystem that is embedded in an infinite system, one has
For finite systems with half-bipartition, i.e. L = L T /2, in the case of open and periodic boundary conditions one has
and
respectively. We call these partitions finite OBC and finite PBC, respectively. The other important parameter of the BW-EH is its overall energy scale, that is conveniently defined as the BW inverse temperature
where v is the sound velocity of the corresponding quantum field theory. The notation as an inverse temperature provides a simple analogy between the reduced density matrix and a partition function. Finally, we define the BW reduced density matrix as
where the constant Z BW = Tr e −β BW H BW guarantees the proper normalization of the BW reduced density matrix, Tr(ρ BW ) = 1. For later convenience we define H BW = H BW /β BW .
B. Rényi entropy via the Entanglement Hamiltonian
Let us now discuss how to obtain the Rényi entropy with the aid of the BW-EH. If we substitute the definition of the BW reduced matrix, Eq.(11), in Eq. (1), we obtain
where F (β BW ) = − 1 β BW ln Z BW is equal to the free energy of the BW-EH at the inverse entanglement temperature, β BW . In the limit α → 1, S α reduces to the the von Neumann entropy, and S BW 1 (von Neumann BW entropy) is equal to
which is nothing else but the definition of the thermodynamic entropy of the BW-EH system at β EH . Both the BW Rényi entropy with α > 1 and the von Neumann entropy can be obtained by computing the thermodynamic properties of the BW-EH. For instance, for a quadratic fermionic EH, we can write
where (k) is the single-particle spectrum of H q . One then can simply employ the conventional definition of the free-energy for non-interacting fermions with the Rényi entropy obtained with the exact reduced density matrix, ρ A . From now on we call the exact Rényi entropy S α . The general behavior of S α for quantum critical chains is described in the next section. All the calculations of ρ A are performed with exact numerical methods. For the non-interacting systems i.e., XX and transverse field Ising models, we obtain ρ A with the aid of the correlation matrix 29 , and for interacting systems we use both ED and DMRG methods.
C. Rényi entropy in the quantum critical chains
The Rényi entropy of the ground state of onedimensional models whose low-energy physics is captured by a gapless relativistic field theory has been extensively studied by both analytical and numerical methods, see, e.g., Ref. . For example, when the subsystem is a single interval of length L embedded in an infinite system [see Fig.1 (a) ], one has
where c is the central charge of the corresponding CFT and c α is a non-universal constant. The CFT formula is also generalized for a finite system with the length L T where we have
where η = 1, 2 for PBC/OBC, and c α is a non-universal constant.
Away from the asymptotic limit, i.e. L ≈ a, (from now on we use a = 1) it is known that S α exhibits corrections to the CFT expressions, i.e.,
As first noticed in the Ref. 43 for systems with OBC, the CFT formula cannot explain the oscillations observed in the von Neumann entropy. In the Ref. 8 , it was observed that parity oscillations in the S α of the XXZ model can also occur in a system with PBC for α > 1. There it was proposed that the asymptotic leading term of
where f α is a nonuniversal constant, p α is a universal critical exponent equal to p α = 2K/α and K is the Luttinger liquid parameter. For the U(1) XXZ model, k
oscillates with L. In this case, the presence of d α (L) is confirmed by both exact numerical calculations based on DMRG 43 , and the exact analytical solution of the Rényi entropy of the XX model 44 . The oscillatory behavior of these corrections is attributed to the the tendency to antiferromagnetic order in the ground state of the XXZ model. Oppositely, for the transverse field Ising model, as k
8 . The fact that the asymptotic leading term of C α (L) is equivalent to d α (L) has been confirmed with DMRG calculations for models belonging to different universality classes in finite systems with both PBC and OBC [9] [10] [11] 43, 45 . These results support the following scenario for the models considered here: while the XXZ model exhibits oscillatory corrections to the CFT formula, the discrete-symmetric Z 2 transverse field Ising and Z 3 three-state Potts models exhibit no oscillations. Furthermore, the power law decay exponent of the leading term of C α (L) is given by
where η = 1, 2 for OBC/PBC, and X e is the scaling dimension of the energy operator. An exception is the von Neumann entropy of systems with PBC. In this case, the leading term of C α does not oscillates with L, and the power law decay is given by 1/L ν , where ν = 2, as shown by numerical results based on DMRG 11 . It is worth mentioning that corrections with scaling exponent p α = 2X e /α are related to the appearance of relevant operators at the conical singularities in the CFT geometry of the path integral representation of the reduced density matrix 7 . Due to bulk irrelevant operators there are also some unusual corrections of the form L −2(x−2) and L
for the values of α close to one and α > x x−2 , respectively 7 . We will not investigate these extra subleading corrections in this work.
D. Diagnostics for the accuracy of the Bisognano-Wichmann entanglement Hamiltonian on the lattice
The accuracy of ρ BW relies on the underlying field theory being Lorentz invariant 46 . This is always the case for the quantum critical chains considered here, where conformal symmetry emerges as a feature of the lowenergy degrees of freedom of the system. Even in this case, however, one shall expect that lattice effects are not completely suppressed, and the exact EH is not exactly given by Eq. (4). As an example, we mention the exact results for the EH of a free fermionic chain at half-filling, that are very close to the BW-EH, but presents tiny longer range terms that survives even in the L → ∞ limit 33, 47 . These terms, completely absent in the BW-EH, are caused by the curvature arising in the dispersion relation of hopping fermions on the lattice away from Fermi points and they can be systematically computed 48 . In the context of lattice models the exact EH for a half chain is known for the transverse field Ising chain away from the criticality and the XXZ model in the massive phase 49, 50 . Since even when L → ∞ the BW-EH is not exact in general (e.g., as for the free-fermion chain), one may wonder that the BW Rényi entropy: (i) does not reproduce the non-universal contributions such as the additive constants c α (or c α ), despite the fact that the low energy part of the spectrum of the BW-EH is in almost perfect agreement with the exact ones, as discussed in Ref.
28 ; (ii) does not capture the corrections to the CFT scaling associated to relevant (or irrelevant) operators, as discussed in the last section.
In order to investigate these issues, we consider the size scaling of the Rényi entropy obtained from ρ BW in Sec. III. More specifically, we discuss the behavior of the leading terms of S BW α and the BW corrections to the CFT formula
Note that for convenience, we add the constant c α (c α for a finite system). The asymptotic leading term of C BW α (L) is investigated by fitting it with the following function
where
and p BW α are free parameters. As can be noted, apart from the constant A α , F α (L), disregarding the oscillating factor, has the same form of d α (L) [Eq. (19) ]. We also consider the discrepancy between the BW and the exact Rényi entropy
In Sec. IV, we turn out attention to the Schatten norm distance between the exact and BW reduced density matrix, defined as:
and p is an even integer number. As the trace norm, ||D|| 1 ≡ Tr √ DD † , N p measures the norm of the distance between ρ BW and ρ A , but it has the advantage that it is easier to be computed numerically then ||D|| 1 . However, it is worth mentioning that, differently from ||D|| 1 , in general N p does not give a clear interpretation of how different are expectation values of local observables in the two ensembles, ρ BW and ρ A , see Ref. 51 .
We stress that, unlike previous studies that were mostly concerned with the low-lying part of the entanglement spectrum (ES), eigenvectors, and correlators 24, 27, 28, 32, 33 , we focus here on properties of the full reduced density matrix, such as momenta of the ES distribution (i.e., the REs) and properties that depend on all the eigenvectors (i.e., the norm distance). While the analysis of the size scaling of the REs allows us to check if ρ BW captures universal properties of the system, the norm distance probes if indeed ρ BW is able to reproduce accurately the actual state of the subsystem.
III. RESULTS I: BW RÉNYI ENTROPY
In this section, we analyze the accuracy of S BW α and C
BW α
by directly comparing it with the results obtained from the exact ρ A , and the general theoretical behavior of S α known from CFT. We consider the partitions shown in Fig.1 (i. e., for finite systems we always consider halfpartition). In the next two subsections we discuss results for the XXZ chain, transverse field Ising (TFIM) and three-state Potts (3SPM) models. As anticipated in Sec. II C, the exact Rényi entropy exhibits an oscillatory behavior with respect to L for the XXZ chain, whilst these oscillations are absent for both TFIM and 3SPM.
A. XXZ model
The XXZ model is defined as
where S i n = (1/2)σ i n are spin-1/2 operators, with i = x, y, z, and σ i n are the Pauli matrices; the exchange coupling, J, sets the energy scale. Here we focus on the parameter region −1 < ∆ ≤ 1, where the ground state of the XXZ is gapless and can be described by a CFT with c = 1. In this regime, the exact sound velocity is given by
It is worth mentioning that the exact EH in the massive phase (i.e., ∆ < −1 or ∆ > 1) is equal to the BW-EH [with coupling given by Eq. (6)] 49,50 for L → ∞. However, the corner transfer matrix method used to obtain this result is not applicable to the gapless regime discussed here.
The resulting BW-EH for ∆ = 0, that corresponds to the XX model, can be mapped to a freefermion Hamiltonian with the aid of the Jordan-Wigner transformation, see Appendix A. The S BW α [Eq. (12) ] is then obtained by diagonalizing the L × L matrix. This method allows us to achieve very large subsystem sizes (L ∼ 10 4 ), which is fundamental to determine the corrections to the leading term in S BW α . For ∆ = 0, the calculation of S BW α is limited to L ≤ 100, and is performed using QMC and ED methods (see below). For the PBC case, the size-scaling of the BW von Neumann entropy follows the expected behavior predicted by CFT, as discussed in Refs. 26, 33, and 47, and illustrated in Fig. 2a for the ∆ = 0 case. We confirm this result for the XXZ model with ∆ = 0.5 using the Wang-Landau SSE method 38, 39 . We consider the following cutoff for the SSE series expansion: Λ = 2.5β EH |E(β EH )|, where E(β EH ) is the expectation value of the total energy at inverse temperature β EH . This choice of Λ allows us to obtain S BW α for α ≤ 2; for comparison, we also compute S BW α with ED. As shown in Fig. 2 (b) , we obtain c = 0.996(5) by fitting the QMC data, S for OBC and PBC, respectively, using the fitting procedure described in the main text; the dashed line represents the exact value of α * pα.
XX model (∆ = 0)
We first consider C 
3 . As we improve the quality of the fit (i.e., increasing the value of L in ), the parameter p BW α converges to the expected scaling exponent, p α = 2/α, see Fig. 3 (b) .
It is worth mentioning that the coefficient f 
We now consider the finite-system partitions with both OBC and PBC; see Fig. 1 In order to better analyze the point raised in the last paragraph, we discuss now the behavior of the von Neumann entropy for systems with PBC. In this case, the exact S 1 does not exhibit any oscillating term, and the leading term of C 1 is not given by d α 8, 44 . It is interesting to note that S BW 1 also does not oscillate with L, as can be seen in Fig. 5 . Nevertheless, unlike the α > 1 cases, the trends of the size scaling of the BW and the exact C α are completely different, which explains the tiny discrepancy, i.e., dS α /S α < 10 −3 . In this case, already the leading term of C BW α (L) differs from the exact corrections. We note that the scaling exponent that determines the asymptotic behavior of dS α ∼ 1/L γα does not depend on α, and is γ α ≈ 1.9, see Fig. 5 (a2) and (b2) . The fact that γ α is independent of α is in line with the previous statement that the correction d α is present in both the BW and the exact S α , i.e., this factor cancels out when we consider the difference dS α . Finally, we observe that the discrepancy of the BW REs is almost independent of , for the infinite and finite PBC partitions, respectively, in the XX model. The blue points correspond to exact results. In panels (a2) and (b2) we show the discrepancy between the BW and the exact REs for the infinite and the finite PBC partitions, respectively, with different values of α α, as expected from the discussion above.
∆ = 0
We now discuss the results for ∆ = 0. In this case, the investigation of the asymptotic behavior of C BW α is hindered by the small system sizes that one can achieve with ED. In addition, the tiny discrepancies between the BW and the exact results, dS α /S α < 0.1%, are difficult to access with QMC due to the statistical errors in the MC estimates. Despite these technical issues, the results obtained with both ED and QMC show that the behavior of C BW α is in line with the exact results. The exact Rènyi entropy (and C α ) is obtained with ED for subsystem sizes L ≤ 12 and DMRG for L > 12. In the DMRG calculation we obtain the entanglement spectrum of the original system by keeping 100 -150 states and using the ground state as the target state in the proper symmetry sector.
In Fig. 6 (∆ = 0.9) = 0.61 (7) . These results have a discrepancy of almost 4% with respect to the the exact results: p 2 = 0.75 (∆ = 0.5) and p 2 ≈ 0.583 (∆ = 0.9). This discrepancy seems to be unaffected by potential logarithmic corrections that are present close to the isotropic point.
The results of C in Figs. 6 (c) and (d) . The discrepancy dS α goes to zero as a power law, dS α ∼ 1/L γα , see Figs. 6 (c2) and (d2). Furthermore, the scaling exponent γ α is almost independent of α, as observed for the XX model with larger subsystem sizes. This feature can be explained if we assume that the correction d α is present in both the BW and the exact S α , i.e., this factor cancels out when we consider the difference dS α . 
B. Transverse field Ising and quantum three-states Potts models
In this section, we discuss the behavior of S BW α for models that are characterized by discrete global symmetries. First, we consider the transverse field Ising model(TFIM) 53 :
This model displays a quantum phase transition between a ferromagnetic and a disordered ground state at g = 1.
In the latter phase, a global Z 2 symmetry corresponding to spin inversion is spontaneously broken. It is worth to point out that for this model the EH of a halfpartition in an infinite chain was computed exactly away from the critical point 47 . The result perfectly matches our lattice version of the BW theorem; however, it does not predict the prefactor β EH . Here, instead, we focus at the quantum critical point, where the TFIM is characterized by a CFT with c = 1/2 and the exact sound velocity is equal to v = 2. As it occurs for the XX model, the BW-EH of the TFIM can be mapped to a quadratic Hamiltonian with the aid of the JordanWigner transformation; see Appendix A. For this model we are able to consider systems up to size L = 10 3 . We further consider the three-state Potts Model (3SPM) (29) where g > 0. The σ and τ matrices are defined as
and γ = 0, 1, 2. This model is characterized by a Z 3 symmetry, which is spontaneously broken for g < 1 in the ferromagnetic phase. As in the TFIM case, we focus on the quantum critical point, g = 1. In this case the system is described by a CFT with the central charge c = 4/5 55, 56 , and the exact sound velocity is v = 3 √ 3/2 57 . We use ED to obtain the S BW α (L) for systems with sizes up to L = 12.
Before discussing the scaling properties of the deviations with respect to the exact result, we briefly illustrate the overall scaling of S BW α (L) as a function of L. The latter is depicted in Fig. 7 , for both the TFIM and the 3SPM. No oscillations as a function with L are present, as expected for these models 11 . Here we just show results for the infinite PBC case, however, we also confirmed similar results for the other EHs described in the Sec. II A. Furthermore, we calculated the central charge by fitting the S BW α to the CFT formula, Eq.(16). The outcome is in perfect agreement with the exact results, as can be seen in Figs. 7 (a) and (b) . In particular, for the 3SPM we obtain c ≈ 0.798, from S BW 1 , which has a discrepancy of just 0.3% with respect to the exact result, c = 4/5. It is worth emphasizing that this result is obtained for subsystem sizes up to just L ≤ 12, which signals the fact that S BW 1 is barely affected by corrections to the CFT formula, contrarily to what is observed for the Rényi entropy of the XXZ model.
Transverse field Ising model
We now discuss the behavior of the corrections to the CFT formula, C α (L). We start by considering an infinite system, and fit
3 ] for different values of α to Eq. (22), see Fig. 8  (a) . As we increase L in , the parameter p BW α converges to the exact result p α = 2/α 8 see Fig. 8 (b) .
For the finite-system partitions, we explicitly compare C BW α with the exact results. In this case, we focus on the PBC case. As we see in Fig. 9 (a) , for α = 3, there is a modest discrepancy between the exact and the BW results [e.g., dS 3 /S 3 < 10 −3 even for L ≈ 10]. The exact and the BW corrections have the same behavior as L increases, i.e., C BW α (L) increases and then saturates to a constant value, which also strongly indicates that the leading term of the exact and the BW C α (L) are the same. Consequently one can conclude that the discrepancy dS α is due to subleading terms present in both the BW and the exact C α (L). Although not shown here, we have also observed similar results for all the α > 1 cases that we considered. Similarly to the conclusions that we drew for the XXZ model, this result can be also explained by the fact that the α-dependent correction d α [see Eq.A (19) ] is present in both the BW and the exact S α with comparable numerical coefficients.
Three-states Potts model
For the 3SPM, due to size limitation, we were not able to compute the exponent p is qualitatively in agreement with exact results. In particular, we note that the scaling exponent γ α associated to the power law, dS α ∼ 1/L γα , see Fig. 9  (f) , is almost independent of α.
To summarize our investigation of the accuracy of the BW REs, we observed that for all the models considered here the almost negligible discrepancies (e.g., dS α /S α < 10 −3 , even for subsystems with L ≈ 10) goes to zero as L → ∞. For a finite partition, the corresponding value of dS α can be understood as follows: both the (i) logarithmically-divergent CFT term, Eq. 
IV. RESULTS II: BISOGNANO-WICHMANN NORM DISTANCE
In this section, we discuss the size scaling of the distance between ρ BW and ρ A , quantified by the Schatten norm N p [see Eq. (24)]. Unlike the BW REs, that depends exclusively on the eigenvalues of the BW state, ρ BW , N p is in general related also to its eigenvectors, and thus probes if indeed ρ BW corresponds to the exact density matrix of the subsystem. Our discussion is complemented by the analyses of the norm of the commutator [ρ BW , ρ A ]. As in the last section, we consider the partitions shown in Fig.1 (i. e., for finite systems we always consider half-partition).
A. XXZ model
We start discussing the results for the XXZ model, Eq. (26) . For ∆ = 0, we use the correlation matrix technique to compute, ρ A 29 , and compute N p for subsystem sizes L < 10 3 , see Appendix A. For ∆ = 0 we compute both the exact and the BW reduced density matrices with ED, which allows us to obtain N p for L ≤ 12. We consider N p for p = 2 (Fobrenius norm) and p = 4. We remark that, for the ∆ = 0 case, the Schatten norm is only sensitive to the eigenvalues of the reduced density matrix.
For ∆ = 0, we consider both PBC and OBC. We observe that N p asymptotically goes to zero as a power law which confirms that ρ BW is exact in the thermodynamic limit, see Fig. 10 (left graph). Moreover, it is worth to point out two interesting features of this power-law decay. First, N p exhibits an oscillating behavior with L for the PBC case. Second, by fitting the results of Figs. 10 (a) and (b) (we just consider even values of L) with P (L) = A/L xp , we observe that the scaling exponent, x p , is independent of p, and is given by x 2 ≈ 2 (x 4 ≈ 2) and x 2 ≈ 1 (x 4 ≈ 1) for the PBC and OBC, respectively. Remarkably, these values indicates that x p is compatible with x p = ηK, where η = 1, 2 for OBC/PBC, and K is the Luttinger liquid parameter; which suggests that x p is related to the scaling dimension of the energy density operator, as it occurs with the corrections to the CFT Rényi entropy, discussed in the last section.
For the interacting case (∆ = 0.5), N p decays as L increases, and even for subsystem sizes L = 10, N p ≈ 10 −3 , see Fig. 10 [panels (c)-(d)]. This result strongly indicates that N p → 0 in the limit of L → ∞. Curiously, N p exhibits parity oscillations with L in the PBC case, and the x p obtained by fitting N p (we just consider even values of L) with P (L) = A/L xp is consistent with a pindependent x p . In this case, despite our results indicate that the value of x p depends on the BC, as suggested by the results of the XX model, we are not able to confirm if indeed x p = ηK(∆), due to the limitation of system sizes that we can reach with ED. As shown in Fig. 10 [panels (c)-(d)] , the values of x p obtained for OBC have a discrepancy of approximately 8% with respect to x p = K(0.5). For PBC this discrepancy is of order 20%, when we just consider even values of L in the fit.
B. Transverse field Ising and quantum three-states Potts models
We now consider N p for the discrete-symmetric models, i.e. TFIM and 3SPM. In these cases we focus on the finite PBC partition, the results for the OBC case are similar. For the TFIM, we use the correlation matrix technique to compute ρ A (see Appendix A) which allows us to compute N p for subsystem sizes L ∼ 10 2 . For the 3SPM case, we compute both the exact and the BW reduced density matrices with ED, which allows us to obtain N p for L ≤ 8.
As it occurs for the XXZ model, our results strongly indicate that for both models ρ BW is exact in the thermodynamic limit; see Fig. 11 . Unlike what is observed for the XXZ model, and similarly to the size scaling of the REs, N p does not exhibit any oscillatory behavior with respect to L. However, the exponents x p are close to x p = ηX e . The values obtained for x p is within 1% (6%) level with the scaling exponent of the energy density operator for the TFIM (3SPM) [X e = 1 for the TFIM (X e = 4/5 for the 3SPM)]; see Fig. 11 . These results suggest that x p may be related to the scaling dimension of the energy density operator.
C. Norm of the BW commutator
In the context of free-fermion models (i.e., for the XX model and the TFIM) it is known that the BW-EH for the finite or infinite PBC partitions, see Fig.1 (a) and (b), commutes with the exact EH and [ρ BW , ρ A ] = 0. In this context, the BW-EH is usually referred to as T matrix, see Refs. 29 and 33. An important consequence of this result is that the norm distance between ρ BW and ρ A depends exclusively on their eigenvalues (not on their eigenvectors), as can be deduced from the definition of N p . Hence, the fact that N p asymptotically goes to zero as a power law, and even more intriguing, that this power law seems related to the scaling dimension of the energy density operator, is solely due to the properties of the eigenvalues of ρ BW and ρ A .
However, for the finite OBC case, the T matrix is not exactly equal to the BW-EH, despite being very close to it 33 . Moreover, for the interacting models considered here, i.e. XXZ (∆ = 0) and 3SPM, it is not known whether a discrete ρ BW such that [ρ BW , ρ A ] = 0 exists. In order to investigate these issues, we now discuss the behavior of the Fobrenius norm of the commutator
We consider the commutator [ρ A , H BW ], instead of [ρ A , ρ BW ], to single out the effects of β EH , especially when the system is away from the critical point (see bellow).
XXZ model
We first consider N com as a function of ∆ for the XXZ model [see Eq. (26)]. For the finite PBC partition, N com is numerically equal to zero at ∆ = 0, which is consistent with the results of the T matrix 33 ; see Fig.12 (a) (left graph). For ∆ = 0, N com = 0, however, N com decreases with L, as shown in the inset of Fig.12 (a) .
For the finite OBC partition, even at the free-fermionmodel point (∆ = 0) N com = 0, which is agreement with the fact that the BW-EH does not correspond to the T matrix in this case. Nevertheless, N com decreases with the subsystem size in all the parameter region, −1 < ∆ ≤ 1, suggesting that N com → 0 as L → ∞ in the whole gapless critical region of the XXZ model.
TFIM and 3SPM
We now consider the behavior of N com for the TFIM and 3SPM as function of the coupling g, see Eq.(28) and (29) . For the TFIM, we observe a sharp dip of N com at the quantum critical point, g c = 1, see Fig.12 (c) . In fact, for the finite PBC, N com is numerically equal to zero at g = g c , as expected for the corresponding T matrix 33 . For the finite OBC, despite N com not being exactly equal to zero at g c , its value is negligible compared to the results for g = g c (e.g., for L = 10, N p ≈ 10 −3 at g c ). Furthermore, it decreases with the subsystem size at g c ; see Fig.12 (c2) , which indicate that N com → 0 in thermodynamic limit, as observed for the XXZ model.
Remarkably, we observe a similar result for N com at the critical point of the interacting 3SPM, as can be seen in Fig. 12 (d) . For the finite PBC partition, we can barely see from Fig.12 (d1) , that N com is not exactly equal to zero at g c (N com ≈ 10 −3 in this case). Summing up our results, we observe that for all the critical models considered here, N com is almost negligible when compared to the N com of non-critical models (i.e., g = g c ), moreover N com → 0 as L → ∞. These results suggest that [ρ BW , ρ A ] ≈ 0 might be a general feature of quantum critical chains. Consequently, in these cases the norm distance N p depends exclusively on the eigenvalue properties of both ρ BW and ρ A .
V. DISCUSSION AND CONCLUSIONS
In this paper we presented an extensive numerical investigation of the accuracy of the BW Rényi entropy, S BW α , and the BW state itself (i.e., ρ BW ) for onedimensional critical models. Our results are based on different numerical techniques, including exact diagonalization, DMRG and QMC. Our conclusions are: for all the models considered here, we observe that (i) both S BW α and ρ BW converge to the exact results in the thermodynamic limit, and, S BW α describes (ii) not just the CFT logarithmically-divergent term, but also some universal lattice-finite-size corrections to the CFT formula. For the last point, we show that the powerlaw decay of the leading term of C BW α is related to the scaling dimension of the energy density operator p α (with the exception of α = 1 for PBC).
In Ref. 48 it was recently shown that the exact lattice EH of free-fermion chains at half-filling (XX model) is equal to the conformal expression [Eq. 3 with the appropriate λ(n)] if one includes the hopping at finite distance in the continuum limit of the entanglement lattice Hamiltonian. This result shows that the tiny long-range terms present in the exact EH, but absent in the BW-EH, are irrelevant terms in the asymptotic limit, and explains why the BW REs are remarkably close to the exact results in the thermodynamic limit. Our observation that dS α → 0 for the XXZ and 3SPM models indicates that possible long-range terms presented in the exact EH of these critical interacting lattice models are also irrelevant in the thermodynamic limit.
On the other hand, the observation that S BW α properly describes universal lattice-finite-size effects associated to the scaling exponent p α = ηX e /α, can be understood if one considers the conformal mapping used to obtain the EH of the partitions considered here 35 . Remarkably, we observe that even the coefficient of these corrections are almost equal to the exact ones. We thus conclude that the almost negligible discrepancy dS α is related to subleading corrections presented in both the exact and the BW C α . From a methodological point of view, this demonstrate that our approach may be used to check convergence of tensor network states in conformal phases, especially for large values of the central charge (since the complexity of the Wang-Landau method is not affected by the entanglement of the ground state wave function).
The discussion we have presented here only concerns one-dimensional critical lattice models whose Hilbert space can be written in tensor product form.
A possible extension of our approach includes 1D critical points described by models whose Hilbert space is subjected to constraints [58] [59] [60] [61] [62] . Another important feature of our approach, is that it is restricted to ground state properties. It would be interesting to extend it to thermal EH 25, 35 , which could shed light on the open problem of measuring entanglement on thermal states.
